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uver the  p a s t  few years tilere appeared several papers 

3~ the qumti~m mechanical three-body problem I n  which the  

exac t  dependence of  t he  Hamiltonian on the  masses has  been 

taken i n t o  account.  1-6 

been aroused by the need f o r  a more d i r e c t  approach i n  des- 

c r i b i n g  a system of three p a r t i c l e s  o f  nea r ly  equal  masses, 

s i n c e  the usual  approximation o f  i n f i n i t e l y  heavy ( s t a t i o n a r y )  

nuc le i  obviously cannot be made. I n  such a case the  non- 

r e l a t i v i s t i c  and sp in- f ree  Hamiltonian of  the system is ex- 

pressed i n  terms of center-of-mass coord ina tes ,  and the  

Schrodinger equat ion becomes separable  i n t o  t w o  parts, the 

one desc r ib ing  the motion of the p a r t i c l e s  around the  c e n t e r  

o f  mass being the  only one of i n t e r e s t  he re .  With t h e  excep- 

t i o n  of  t h e  paper by Kolos e t  a1 a l l  t he  work done so f a r  has 

been on t h e  ground s t a t e s  (zero angular  momentum) o f  molecular- 

l i k e  systems. The present  note is a prel iminary r epor t  on 

sone c a l c u l a t i o n s  on atomic i o n s .  We have set  out  to con-  

s i d e r  systems of t h ree  p a r t i c l e s  (two of which a r e  i d e n t i c a l )  

w i t h  t o t a l  angular  momentum equal to u n i t y .  While application 

t~ molecular and mesor,ic systems is d e s i r a b l e  and i s  at, present  

1 The interest i n  t h i s  problem has 
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bzing r \ -v- .ni  r . A  r r r t  r C l L l C U  u u u ,  wo f ? ? t  t h a t  calculatlzns ny! 2tom.ic s y z t e r r s  

would n o t  be w i t h o u t  interest. 



r 

-2-  

I n  1930 Hughes and Eckart '  have employed center-of-mass 

coordinates  t o  achieve the se r a t i o n  of. t h e  t r a n s l a t i o n a l  
* .  

motion of the cen te r  of mass and the  i n t e r n a l  motion of a 

system of  th ree  p a r t i c l e s .  Assuming a simple open' s h e l l  

hydrogen-like wavefunction they have, by pe r tu rba t ion  theory,  

obtained an a n a l y t l c a l  expression for t h e  mass e f f e c t  ef a 

two-electron atom. When experimental methods became su f -  

f i c i e n t l y  r e f ined  t o  allow accurate  measurements t o  be made 

on t h e  i so tope  s h i f t  i n  helium I t  was found t h a t  the values  

1 .  

of the  isotope '  s h i f t  ca lcu la ted  from Hughes and E c k a r t ' s  f o r -  

mula were in q u a n t i t a t i v e  disagreement w i t h  the experimental  

r e s u l t s .  8'9 The discrepancy was e s p e c i a l l y  pronounced i n  P 
10 s t a t e s .  Except for possibly a f e w  unsuccessful  attempts 

there has been no f u r t h e r  t h e o r e t i c a l  work done along these 

l i n e s  for exc i t ed  s t a t e s ,  mainly due t o  the lack o f  s u f f i -  

c i e n t l y  accura te  wavefunctions. Bethe and S a l p e t e r  have 

s t a t e d  t h a t  "the cause of  these d i sc repanc ie s  is no t  y e t  

known, ''11 while others" have suspected the theory I t s e l f .  

The r e s u l t s  reported here were obtained by applying t h e  

v a r l a t i o n a l  procedure t o  50-term wavefunctions o f  the type 

where the r I s  a r e  the  i n t e r p a r t i c l e  d i s t ances ,  a,B:Y a re  i J  
A 

a r e  the appropri-  
,O(a,@,y 1 three Euler ian  ans l e s ,  and t h e  Di 

a t e  elements o f  t he  three-dimensional r o t a t i o n a l  matrix cor -  

responding t o  a space-z-component oi' the a i i g ~ l a r  mmenturr! 

M, = 0 and a body-z-component p t .  The non- l inear  parameters 



a and b were taken t o  be the same as thoae dctermjned by mini- 

mizing the  i n f i n i t e  mass energ ies .  

were determined i n  the usua l  manner from a s e c u l a r  equat ion 

and a r e ,  of  course,  d i f fe ren t  f o r  each sepa ra t e  energy ca l cu la -  

t i o n .  

The l i n e a r  cons t an t s  cam 

~ ~ 4 - n  +ha m a Q Q  m t l n  9 = q/Ms where m and M a r e  If we dF;L***C; U..b .. .UUY ----- .r 

the  e l e c t r o n i c  and nuc lea r  masses, r e spec t ive ly ,  then t h e  

computed energy, E, will depend on both the  choice of  u n i t s  

and the mass r a t i o  p .  Consequently, w e  w r i t e  E = E ( p ) ,  and 

adopt the atomic u n i t s  pe4h-2 f o r  energy and h 2 p -le-2 f o r  

l eng th .  Note t h a t  the reduced mass, p, depends on p ,  1.e .  

p = m/( l + p ) .  The connection w i t h  experiment i s  made through 

the d i f f e rence  of the spectroscopic  term values f o r  two i so -  

topes  of the same atomi3. The spec t roscopic  term value i s  the  

t o t a l  ( two-e lec t ronj  atomic energy, ~ { p j ,  iesa the c o r r e s p n d -  

l n g  hydrogen-like (one-electron)  energy, -1/22 . The results 

a r e  shown i n  Table I. The discrepancy between theory and ,, 
experiment has now been brought wi th in  the l i m i t s  o f  expe r i -  

mental accuracy. O n  t h e  bas i s  of t he  agreement f o r  helium, 

we f e e l  t ha t  i t  can be sa id  w i t h  some confidence t h a t  the c a l -  

cu la t ed  r e s u l t s  for Li are accura te  t o  w i t h i n  one p e r  cen t .  
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*This work was supportsd by t he  Nati!-,nal Aeronautics arid S p d c i  

Ad.? i n 1 s t r a  t i o n  . 
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The t o t a l  mass effect  h a s  u s u a l l y  been thought of a s  con- 
s i s t i n g  of two p a r t s :  
energy, E : ~ ,  due t o  the  motion of  the nucleus,  and a much 
smaller co r rec t ion ,  E: a r i s i n g  from t h e  mass p o l a r i z a t i o n  
( s p e c i f i c  s h i f t ) .  Bo& of  these  c o r r e c t i o n s  can be com- 
puted from o u r  tabulated d a t a ,  i f  re u i r e d .  The elementary 
co r rec t ion ,  el, i s  given by €1 = -QE ? 0) ,  while the  second 
par t ,  €2, propor t iona l  t o  the expec ta t ion  value of the  
ope ra to r  V1.V , i s  obtained by s u b t r a c t i n g  cl from the  
t o t a l  mass ef F e c t .  

an elementary mass c o r r e c t i o n  i n  
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